Abstract : In this study by applying an own technique we investigate some asymptotic approximation properties of new type discontinuous boundary-value problems, which consists of a Sturm-Liouville equation together with eigenparameter-dependent boundary and transmission conditions.
.
Denote the determinant of the matrix A 0 by ∆ 0 and the determinant of the k-th and j-th columns of the matrix A by ∆ kj . Note that throughout this study we shall assume that ∆ 0 > 0, ∆ 12 > 0 and ∆ 34 > 0. With a view to constructing the characteristic function we shall define two basic solution ϕ(x, λ) and ψ(x, λ) by the following procedure. At first, let us consider the initial-value problem on the left part [a, c) of the consid-
By virtue of well-known existence and uniqueness theorem of ordinary differential equation theory this initial-value problem for each λ has a unique solution ϕ 1 (x, λ). Moreover [ [8] , Teorem 7] this solution is an entire function of λ for each fixed x ∈ [a, c) . By using we shall investigate the differential equation (2.6) on (c, b] together with special type initial conditions
Define a sequence of functions y n (x, λ), n = 0, 1, 2, ... on interval (c, b] by the following equations:
It is easy to see that each of y n (x, λ) is an entire function of λ for each (c, b] Consider the series
2n for each n = 1, 2, .... Because of this inequality the series (2.10) is uniformly convergent with respect to the variable x on (c, b], and with respect to the variable λ on every closed bar |λ| ≤ R. Let ϕ 2 (x, λ) be the sum of the series (2.10). Consequently ϕ 2 (x, λ) is an entire function of λ for each fixed x ∈ (c, b]. Since for n ≥ 2
) the first and second differentiated series also converge uniformly with respect to x. Taking into account the last equality we have
so ϕ 2 (x, λ) satisfies the equation (2.6). Moreover, since each y n (x, λ) satisfies the initial conditions (2.8) and (2.9), then the function ϕ 2 (x, λ) satisfies the initial conditions (2.8) and (2.9). Consequently, the function ϕ(x, λ) defined by
satisfies equation (2.1), the first boundary condition (2.2) and the both transmission conditions (2.4) and (2.5). By applying the same technique we can prove that for any
which satisfies the initial condition (2.3), the both transmission conditions (2.4) − (2.5)
and is an entire function of λ for each fixed
Below, for shorting we shall use also notations;
3 Some asymptotic approximation formulas for fundamental solutions
By applying the method of variation of parameters we can prove that the next integral and integro-differential equations are hold for k = 0 and k = 1.
for x ∈ [a, c) and
for x ∈ (c, b]. Now we are ready to prove the following theorems.
as |λ| → ∞, while if α 11 = 0
as |λ| → ∞ (k = 0, 1). Each of this asymptotic equalities hold uniformly for x.
Proof. The asymptotic formulas for (3. 
Multiplying by e −|t|(x−a) and denoting Y (x, λ) = e −|t|(x−a) ϕ 2λ (x) we get x−a) ). Substituting in (3.9) we obtain (3.6) for the case k = 0. The case k = 1 of the (3.6) follows at once on differentiating (3.3) and making the same procedure as in the case k = 0. The proof of (3.7) in (3.8) is similar.
Similarly we can easily obtain the following Theorem for ψ i (x, λ)(i = 1, 2).
as |λ| → ∞, while if α
(3.14)
as |λ| → ∞ (k = 0, 1). Each of this asymptotic equalities hold uniformly for x. 
Asymptotic behaviour of eigenvalues and corresponding eigenfunctions
By the same technique as in [5] we can prove the following theorem Now by modifying the standard method we prove that all eigenvalues of the problem (2.1) − (2.5) are real. 
Proof.
Since the Wronskians of ϕ 2λ (x) and ψ 2λ (x) are independent of x, in particular, by putting x = a we have 1 (a, λ) .
(4.1) Let λ = s 2 , Ims = t. By substituting (3.11) and (3.14) in (4.1) we obtain easily the following asymptotic representations (i) If α ′ 21 = 0 and α 11 = 0, then
(ii) If α ′ 21 = 0 and α 11 = 0, then Now we are ready to derived the needed asymptotic formulas for eigenvalues and eigenfunctions.
Theorem 4.3. The boundary-value-transmission problem (2.1)-(2.5) has an precisely numerable many real eigenvalues, whose behavior may be expressed by two sequence {λ n,1 } and {λ n,2 } with following asymptotic as n → ∞(i) If α ′ 21 = 0 and α 11 = 0, then
(ii) If α ′ 21 = 0 and α 11 = 0, then 
where λ n,1 = s
Proof.
Using this asymptotic expression of eigenvalues we can easily obtain the corresponding asymptotic expressions for eigenfunctions of the problem (2.1)-(2.5). Denote the corresponding eigenfunction of the problem by
Recalling that ϕ λn,i (x) is an eigenfunction according to the eigenvalue λ n , by putting (4.6) in the (3.5) for k = 0 we get
+O (1) sin π(n + All this asymptotic approximations are hold uniformly for x.
